This paper presents a semi-implicit method for efficient and high-order time-accurate computations for unsteady viscous hypersonic flows over fixed or moving bodies using Navier-Stokes equations. The equations are discretized in space using a second-order TVD scheme on moving structured grids. If explicit schemes are used to advance the equations in time, the small grid sizes in the wall-normal direction in the boundary layers imposed severe restrictions on the time steps. In the current method, the spatial discretization of the governing equations is separated into stiff terms involving derivatives along the wall-normal direction and nonstiff terms for the rest of the equations. The split equations are then advanced in time using second-and third-order semi-implicit Runge-Kutta schemes so that the nonstiff streamwise terms are treated by explicit Runge-Kutta methods and stiff wall-normal terms are simultaneously treated by implicit Runge-Kutta methods. The semi-implicit method leads to block pentagonal diagonal systems of implicit equations that can be solved efficiently. (Author) Page 1
Introduction
Time accurate simulation of unsteady hypersonic flow with relative body motion is one of the great challenges to computational fluid dynamics. Recently, unstructured grid approach has been applied ' . The advantage of unstructured grid methods is that they are flexible in handling complex geometries and in implementing solution adaptation. The disadvantage is that they are less efficient for viscous flow computations in the boundary layers where stretched girds with extremely small wall-normal grid sizes are required in order to capture unsteady flow scales. Since structured grids are much more efficient for such viscous flow computations, structured/unstructured hybrid grid approach has been used for numerical simulation of viscous flows' 14 ' 15> i6 ' in which the boundary layers are solved using structured grids and the outer flow fields are solved using unstructured grids. For the computations of such unsteady viscous hypersonic flows with moving grids, as well as other transient hypersonic flow simulation with fixed grids, efficient and high-order accurate solvers are required.
For time-accurate hypersonic inviscid flow calculations, explicit methods are often used to solved the Euler equations because the tune step sizes limited by the temporal accuracy requirements for unsteady flows are often comparable to the numerical stability conditions. For unsteady viscous flow calculations, however, the extremely small grid sizes in the boundary layers near the wall is used, the time steps required by the stability condition are much smaller than that needed by accuracy consideration. Consequently, the explicit computations of unsteady viscous flows are often not efficient enough for practical applications. In order to remove the severe stability restriction, global implicit methods have been used to treat the whole flow fields implicitly by approximate factorization methods or by iterative methods. For unsteady viscous flow computations, the full implicit treatment of global implicit methods is often unnecessary and inefficient because the time step is limited by the unsteady flow time scales and the streamwise terms in the equations can be treated by more efficient explicit methods.
In this paper, we present a high-order and efficient semi-implicit method to compute unsteady viscous hypersonic flows with fixed or moving structured grids. The new method is motivated by our longterm research project in direct numerical simulation of laminar-turbulent transition of hypersonic boundary layers' 17 ' over fixed or maneuvering hypersonic vehicles. The Navier-Stokes equations for unsteady flows are discretized in space using a second-order TVD scheme, which can be replaced by other high-order schemes if necessary. The spatial discretization of the governing equations is separated into stiff terms involving derivatives along the wall-normal direction and the non-stiff terms of the rest of the equations. The split equations are advanced in time using second and third-order semi-implicit Runge-Kutta schemes recently derived by Zhong and Shen' 18 ' 19 '. The semi-implicit schemes lead to block pentagonal diagonal systems of implicit equations that can be solved efficiently. Meanwhile, the restriction on the time step is only limited by the streamwise grid sizes and by accuracy conditions.
Governing Equations
The two-dimensional Navier-Stokes equations in the integral form on moving meshes can be written aŝ
where dS is surface outward pointing vector, dS = (n x i + n y j)dS
U is the vector of the conservative variables, and E is the flux vector,
where where p is the fluid density, u and v are the x and y components of the fluid velocity. x t and y t are the grid speeds in the x and y directions, respectively, e is the total energy and p is the pressure.
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where R is the univers gas constant and 7 is specific heat ratio.
The viscous stress r and heating rate q are
where the viscosity coefficient // is computed according to the Sutherland's law, and heat conductivity k is determined by assuming a constant Prandtl number, the value of which is set to be 0.72 for air.
The boundary conditions for computing viscous hypersonic flows of moving blunt bodies are as follows. The outer boundary conditions are fixed as the freestream conditions. No physical boundary conditions are required at the supersonic exit boundaries where the flow variables are determined by the upstream conditions. On the solid wall, no-slip and isothermal boundary conditions are used. (6) In the current semi-implicit methods, the spatial discretization of the Navier-Stokes equations is first additively split into the stiff viscous terms involving spatial derivatives normal to the wall and the rest of the flux terms, which leads to a system of ordinary differential equations in the form of mmmo d(a; «) = + sign(y)
Numerical Method
A = TAT" 1 (22) where u represents all of the unknown discretized flow variables in the flow field, f(t,u) represents the non-stiff terms, and g(i, u) represents the stiff terms. The split ordinary differential equations (15) ', where f is treated by explicit Runge-Kutta methods and g is simultaneously treated by implicit Runge-Kutta methods. The resulting semi-implicit methods for timeaccurate computations of the Navier-Stokes equations are high-order accurate in both space and time, and they are much more efficient than the spatially full implicit schemes. The details of the method is presented in the following sections.
Spatial Discretization and Splitting
The governing equations are discretized in space using a cell-centered finite-volume method. For a cell denoted by ij, Eq.(l) is discretized as dt where Vij is the cell volum and index i ± 1/2 and j ± 1/2 represent cell boundaries. In Eq. (16), the inviscid fluxes F and G in E term are approximated by a second-order TVD scheme, i.e.,
where
where |A| = is eva i u ated using Roe averages' 20 ' at the surface. Meanwhile, the viscous flux parts in E term are approximated by central difference schemes.
The right hand side of Eq. (16) 
where E v i is the part of the viscous flux terms on the j ±1/2 surfaces involving tangential derivatives only, and E V 2 is the part of the viscous flux terms on the j ± 1/2 surfaces involving normal derivatives, i.e., 
A* I -3 -%»*+»7*nff 1 -g- 19^, where f is treated by explicit Runge-Kutta methods and g is simultaneously treated by implicit Runge-Kutta methods. where r, and s$ are given by Si = r* = £)*•" * &«j parameters with longer significant digits can be found in [19] .
Jacobians for Semi-Implicit RK Schemes
In order to apply the semi-implicit Runge-Kutta schemes to the Navier-Stokes equations, Jacobian matrices are needed in the equations for k|. In order to maintain second and third-order temporal accuracy, the Jacobians need to be evaluated without any approximation. Especially, the derivative of the viscosity coefficient with respective to temperature needs to be included in the Jacobians. The details of Jacobian ma-.
trices, including the contributions from both inviscid U +&aiki)+g(t +« 3 ft,U +caiki)J(35) fluxes aoid the viscous fluxes, are presented below.
Inviscid Flux Jacobian
The Jacobian for inviscid flux is {;
Viscous Flux Jacobian
The Jacobian for viscous flux in the implicit parts is 
5(E V2
where the figure, show that the semi-implicit TVD scheme can catch the bow shock front without oscillation. The CFL number used hi calculation is only limited by the grid spacing in the tangential direction of the wall, though highly stretched grids are used normal to the wall to resolve the boundary layers. Figure 2 The final global Jacobian matrix for the implicit terms in the semi-implicit Runge-Kuta schemes is a block pentagonal diagonal matrix involving terms along the j grid direction only. The block pentagonal diagonal system of equations can be solved efficiently by numerical methods.
Numerical Results

Code Validation
The semi-implicit Runge-Kutta method is first tested by a steady two-dimensional hypersonic flow Figure 4 shows the structured 42 x 122 computational grids used in numerical calculations. For unsteady calculations, the dynamic grids oscillate with the body as a rigd-body motion. At each tune step, the grid speed and its position are determined by the motion of the blunt body. The unsteady computations start from the steady state solution at the initial angle 9(t = 0) = 0°. Figure 5 shows the distribution of wall pressure along the body surface at different moments of the bluntwedge oscillation. The surface distribution is no longer symmetric about the stagnation line because of the blunt body oscillations. From t = 2.50 x 10~4 s to t -7.48 x 10~4 s, the wall pressure maintains similar shapes but the curves move from left to right. The figure also shows that the highest value of wall pressure is in the regions near the stagnation line. Figure 6 shows the surface heat transfer distribution at the same time stages as that in Fig. 5 . Compared with the surface pressure, the surface heating rates are much less affected by the body oscillations. Figure 7 is the viscous stress distributions along the wall. The jump of its value near the shoulder is due to the discontinuous of the surface curvature. Figure 8 shows the time history of wall pressure at the stagnation point during the body oscillations. These results show that the oscillation of the stagnation pressure is non-symmetric due to nonlinear effects although the motion of the body has a symmetric line at 9 = 0. The time histories of heat transfer and viscous stress at the stagnation point are given in Fig. 9 .
Again, the non-symmetric characters are inherent for the viscous unsteady flow fields. 
Conclusions
An efficient semi-implicit Runge-Kutta method has been presented for computing unsteady flows around fixed or moving bodies using the unsteady NavierStokes equations on structured dynamic grids. The method uses semi-implicit treatment to overcome stiffness in viscous wall-normal derivative terms, while the streamwise terms are computed by explicit methods for efficient unsteady flow calculations. The method has been tested in computations for viscous hypersonic flows over steady and oscillating blunt bodies. Numerical tests show that the semi-implicit method is efficient for solving the Navier-Stokes equations in highly stretched grids across boundary layers. The CFL numbers in the semi-implicit computations are only limited by the streamwise grid spacing and the accuracy requirement for unsteady flow computations. Figure 1 : Comparison of the bow shock shape with experimental data by Kim (1956) for Mach 6 flow over a cylinder. 
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